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Abstract 

A new method of construction of ii-matrix is given. Let A be a C*- 
bialgebra with a comultiplication A. For two states u> and ip of A which 
satisfy certain conditions, we construct a unitary i?-matrix R(uj, ip) of 
the C*-bialgebra (A, A) on the tensor product of GNS representation 
spaces associated with u> and ip. The set {R(to, ip) : to, ip} satisfies 
a kind of Yang-Baxter equation. Furthermore, we show a nontrivial 
example of such i?-matrices. 
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1 Introduction 

We have studied C*-bialgebras and tensor products of representations in- 
duced from the comultiplication. We proved that a certain C*-bialgebra has 
no universal .R-matrix in [16 . In this paper, we construct (non-universal) 
i?-matrices of the C*-bialgebra, which satisfy the Yang-Baxter equation. For 
this purpose, we show a theorem for general C*-bialgebras and states. In 
this section, we show our motivation, definitions of C*-bialgebras and the 
main theorem. 
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1.1 Motivation 



In this subsection, we roughly explain our motivation and the background 
of this study. Explicit mathematical definitions will be shown after § 11.21 
Define the C*-algebra 0* as the direct sum of all Cuntz algebras except 

Ooo: 

a = d ©©20030040 (1.1) 

where 0\ denotes the 1-dimensional C*-algebra C for convenience. In |13| . 
we constructed a non-cocommutative comultiplication A v of 0*. Further- 
more, we proved that 0* has no universal iZ-matrix in |16| . For quasi- 
cocommutative C*-bialgebras, see [TT| [18] . 

On the other hand, in the theory of quantum groups, i?-matrix and the 
Yang-Baxter equation are fruitful subjects as relations with mathematical 
physics and topology [U EJ El QUI HHJ [23] for quasi-cocommutative bialgebras. 
They were also considered by Van Daele and Van Keer |22] for Hopf *- 
algebras. 

As a construction method of i?-matrix, the quantum double is well- 
known [U [10] 119] . In this paper, we show a new method. We construct 
/^-matrices from states of a C*-bialgebra under some conditions: 

states of a C*-bialgebra ii-matrices 

Furthermore, we show a non-trivial example of this construction. 

1.2 Local /?-matrix of C*-bialgebra 

In this subsection, we recall definitions of C*-bialgebra, and introduce local 
i?-matrix of a C*-bialgebra. 

At first, we prepare terminologies about C*-bialgebra according to [201 
121] . For two C*-algebras A and B, let Rom(A, B) and A® B denote the set 
of all *-homomorphisms from A to B and the minimal C*-tensor product 
of A and B, respectively. Let M(A) denote the multiplier algebra of a C*- 
algebra A. We state that / G Hom(j4, M(B)) is nondegenerate if f(A)B is 
dense in a C*-algebra B. A pair (A, A) is a C -bialgebra if A is a C*-algebra 
and A G Hom(yl, M(A®A)) such that A is nondegenerate and the following 
holds: 

(A (gi id) o A = (id <g> A) o A. (1.2) 

We call A the comultiplication of A. Remark that A has no unit in general 
for a C*-bialgebra (^4, A). Define the extended flip ta,a from M(A (g> A) to 
M(A®A) as f AA (X)(x®y) = t a ,a(X (y ® x)) for X G M(A®A), x,y G A 
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where ta,a denotes the flip of A <g> A. The map A op from A to M(A ® A) 
defined as A op = ta,a o A is called the opposite comultiplication of A. A 
C*-bialgebra (A, A) is cocommutative if A = A op . 

According to [H [THl |22], we introduce unitary i?-matrix, the quasi- 
cocommutativity and local i?-matrix for C*-bialgebra as follows. 

Definition 1.1 (i) An element R in M{A® A) is called a (unitary) uni- 
versal R-matrix of {A, A) if R is a unitary and 

RA(x)R* = A op (x) (x G A). (1.3) 

In this case, we state that (A, A) is quasi- cocommutative (or almost 
cocommutative fMj). 

(ii) Let (Hi,TTi) be a representation of A for i = 1,2. A unitary operator 
R K1 ^ 2 on Hi <g) %2 is called a local R-matrix of (A, A) on T~L\ (g) H2 if 
it satisfies 

Rn u n 2 {iri ® 7r 2 )(A(x))Rl u7T2 = (tti tt 2 )(A op (x)) (x G A). (1.4) 

In Definition 1 1 . 1 ( ii) . if tt\ = vr2, then the flip of Hi (g) %2 is a (trivial) local 
i?-matrix of (^4, A) on %\ ® %2- If tti ^2, then a local i?-matrix does not 
always exist when (A, A) is not cocommutative. 

In addition, we introduce a new notion for C*-bialgebra. Let A © B 
denote the algebraic tensor product of C*-algebras A and B. 

Definition 1.2 A C-bialgebra (A, A) is algebraic if there exists a dense 
*-subalgebra Aq of the C* -algebra A such that A{Aq) a Aq Q Aq. We call 
Aq an algebraic part of (A, A). 

If a C*-bialgebra (^4, A) is algebraic with an algebraic part Aq, then A(x) 
is written as follows for any element x G Aq: There exist 1 < m < 00 and 

' 1 " 11 ■ A 11 

X-^ , . . . , ; 1 • • • s %m SUCU tUat 

A(x) = x 1 <g) x x -\ + x m g) x m . (1.5) 

1.3 Main theorem 

In this subsection, we show the main theorem. For a C*-algebra A, let 5(^4) 
and Rep^4 denote the set of all states and the class of all nondegenerate 
representations of A, respectively. 
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Definition 1.3 \M E2F For oj G S(A) of a C* -algebra A with the Gel'fand- 
Naimark-Segal (=GNS) triple tt^, Jlo,), the map A w /rom A to de- 
fined by 

K(x) = 7r w (s)n w (x G A), (1.6) 
is called the GNS map associated with u. 
Then our main theorem is stated as follows. 

Theorem 1.4 Let [A, A) be an algebraic C* -bialgebra. For tti,tt2 G RepA 
and uj±,uj2 £ we write 

7Tl * 7T 2 = (7T! (g) 7T 2 ) O A, UJ\ * LU 2 = (uj\ <S> OJ2) A (1-7) 

where {oj\ <g> u>2)(x <g> y) = u>i(x)u>2(y) for x,y G A ([9], p. 847). Assume that 
a subset Sq of S{A) satisfies the following conditions: 

(a) The set Sq is closed with respect to the operation * in j 1. 7\ ) and the 
semigroup (Sq,*) is abelian. 

(b) For any 1^1,^2 G $0, ®^u 2 i- s a cyclic vector for the representation 

(Hun <3Ulo 2 > ^1 *7Tw 2 ) °f A - 

Define the unitary R(oji,oj<z) from <S> %j 2 to <S> Hu> 2 by 

i?(w 1 ,w 2 )A tJliW2 (A(x)) = A Wl>W2 (A op (x)) (xeA) (1.8) 

where A UltUl2 = A Ul (g) A a)2 . Then R(uj\,uj2) is well-defined and the following 
holds: 

(i) For each uj\,ui2 G Sq, 

R(u!,U2)(ir Ul ®7r u;2 )(A(x))( J R(a; 1 ,a; 2 ))* = (tt Wi ® 7r Wa )(A^ (a:)) (1.9) 
/or x £ A on % Ul <g> Hui 2 and 

i?(wi,w 2 )T W2iWl i?(w 2 , wi)r Wl)W2 = J'wi ®4> 2 C 1 - 10 ) 
where r Wl )Wa denotes the flip of 'H ull £§ . 

(ii) (7T 

uji ® 7r o;2 ) A and (vr^ (g) 7T Wl ) o A are unitarily equivalent. 

(hi) For eac/i u>i,cj 2 ,W3 G <So, 

i?i 2 (wi,w 2 )i?i 3 (wi,a;3)i? 2 3(a; 2 ,W3) = #23(^2, w 3 )-R 13 (a;i, w 3 )i?i 2 (wi, w 2 ) 

(1.11) 

on T^tjj <8> "H W2 <8> "Huj 3 where we use the leg numbering notation in JT$. 
For example, #12(^1,^2) = w 2 ) ® 
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From (|1.9p . R(lu%,lu2) is a local i?-matrix of (A, A) on H W1 ® H^- The 
equation (jl.lip is regarded as a kind of Yang-Baxter equation. 

Remark 1.5 (i) If wi = 002, then R(uji,uj2) = I Ul <X>ia, 2 - If not, then this 
does not hold in general. If (So, *) is not abelian, then (jl.9p does not 
hold in general. We will show these examples in § 13.31 

(ii) We explain conditions in Theorem 11.41 The condition (b) does not 
always hold even if the condition (a) holds. For it E RepA, let [tt] 
denote the unitary equivalence class of tt. For m, TT2 £ RepA, the new 
product [m] * [^2] = [tti * 112} is well-defined. Let R(A) denote the 
set of unitary equivalence classes of all representations of A. Then we 
obtain the map / from So to R(A) by f(<jj) = [tt^] for oj £ So- Then 
the condition in Theorem 11.41 is interpreted as follows: 



That is, / is a homomorphism between two semigroups (So,*) and 
(R(^4),*). Such examples will be shown in § 13.21 

(hi) The GNS map in Definition 11.31 was used in constructions of Kac- 
Takesaki operators [51 [20], [2"T] and an analogue of multiplicative isom- 
etry [T5] . 

In § [21 we will prove Theorem 11.41 In § [3j we will treat (O*, A^,) and 
certain states of 0* as an example of Theorem 11.41 

2 Proof of main theorem 

In this section, we prove Theorem 11.41 
2.1 Lemma for GNS maps 

In order to prove Theorem 11.41 we prepare an elementary lemma for GNS 
maps in (jl.6p in this subsection. 

Lemma 2.1 Let K w be as in U.6\) and let A,B,C be C* -algebras. 
(i) For (p £ Hom(^4, B) and a state u> of B, define 



Then U is an isometry from Ti W0 4> to Ti w such that U*Tr u} ((j)(x))U = 
Kujo^x) for x £ A. 



f(u*il>) = f(u)*fW>) (u,iP€Sq). 



(1.12) 



UKo4>(x) = AUH X )) ( x G A )- 



(2.1) 
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(ii) In addition to (i), if Q. w is a cyclic vector for (Hm,^ °4>), then U is 
a unitary. 

(iii) Let <j> £ Hom(^4, B (g) C) and let u\ and 002 be states of B and C, 
respectively. Let uj = {uj\ (g) 0J2) o <p. If Q, Ul 0,^ is a cyclic vector for 

U{u u uj^4>)K{x)=K^ 2 {(j){x)) (xeA) (2.2) 
defines a unitary U [oj\ ,(^2',<t>) from 7i w to 7i Wl ® %u) 2 such that 
(U(^ 1 ,u 2 ;4>)T(^ 1 ^lv 2 )(H x )) u (^i^2-,(I)) =^U X ) (x £ A). (2.3) 

(iv) In addition to the assumption in (iii), assume that B = C and 

(ui <g> 0J2) o 4> = (^2 ® u\) o 4>. (2.4) 

Define the unitary R(uj\,uj2] <P) from H Ul ® % U2 to ri ull ® fry 

i^a^A^OKz)) = A^O^C*)) (x e A) (2.5) 

where (j) op = r o and r denotes the flip of B <g> B. Then R(oji,u)2] 4>) 
is well-defined and the following holds: 

i?(wi,a; 2 ;^)(7r £Jl ® 7r w J(^(a:))(i?(u;i,a; 2 ; 0))* = (ir^ <g> 7r a)2 )(^ op (a;)) 

(2.6) 

/or x & A. 

Proof. From the uniqueness of the GNS representation, (i) and (ii) hold. 
For example, see Proposition 4.5.3 in [8]. 

(iii) The statement holds from (i) and (ii). 

(iv) By (JI31), we obtain U^^o^v = H(u 2 ®ui)o<f> = ^( Wl ®^ 2 )o0- From this 
and the definition of R(uii,uj 2 ; <j>), we see that 

R{u^u 2 -A) = U(u 1 ,LO2;0 op )(U(u 1 ,LU2;0))*. (2.7) 

Hence the statement holds from (iii). I 

We illustrate Lemma 12. If iv) in Figure [2T2l 
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Figure 2.2 

(Z7(wi,w 2 ;0))* 



R(ui,UJ2 ■ 



ft 



(wi(gl6J2)o</' 



(wi®o;2)o</> P 



Remark 2.3 Lemma 12 . 1 1 holds for any pair of a *-homomorphism and a 
set of states which satisfy assumptions of the cyclicity of the GNS vector and 
(12. 4p without the assumption that is a comultiplication. Since the logic of 
the proof is very elementary, the assumption about states is essential. 



2.2 Proof of Theorem Q 

We prove Theorem 11.41 in this subsection. Let (A, A) be as in Theorem 11.41 
Applying Lemma l2.1f iv) to the case B = C = A and <p = A, we see that 
R(bJ\,U2) = R(oji, LO2; A). Hence R(uj\,uj2) is well-defined. 

(i) From Lemma I2.1f iv). (|l,9p holds. We can verify that (|1.10p holds on 
A UJl ^ 2 (A op (x)) for each x € A. Hence (ll.lOj) holds because {A WljW2 (A op (x)) : 
x € ^4} is dense in V. UJl ® • 

(ii) This follows from (i). 
(hi) Define 

F R = (id ® A) o A, F L = (A ® id) o A. (2.8) 

From (11.2p . = i 7 ^. Let Ao be an algebraic part of (A, A). By assumption, 
we can write as follows for x € Aq: 

Fr(x) = <g> (z- )' ® (<)", (2.9) 

i 

f l( x ) = Y.iy'j)' ® (i)" ® i£ (2.10) 

i 

where R.H.S.s of (|2.9j) and (|2.10p are finite sums. 

Here we write elements in Sq as a, b, c, . . . for simplicity of descrip- 
tion. From (12. 3p and the assumption for fi a ® fib, ir a * 717, is unitarily 
equivalent to 7r a ^ for each a, 6 € Sq. From this, (7r a * 7T&) * 7r c is unitar- 
ily equivalent to 7r a *{, * tt c . By assumption, fi a *ft ® fi c is a cyclic vector 
for (ft a *{, ® Hb^a-kb * TTc)- Hence fi a ® fi;, ® fi c is a also cyclic vector for 
(-7r a *7Tb) *7r c . From this, fi a ® fi^ ® fi c is a cyclic vector for (7r a ® 7Tb ® tt c ) o Fr 
(= (vr a ®7r fe ®7r c )oF L ) on ft a ®ft 6 ®74. Therefore {A aAc (F R (x)) : x £ Aq} 
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is dense in W a ® Tib ® ~H C where A aj h iC = A a ® A& <g> A c . Hence it is sufficient 
to show (jl.lip on {A a)6)C (i^R(z)) : x € A }. The following holds: 

#12 (a, 6)-Ri 3 (a, c)i? 23 (6, c)A 0i6)C (F fl (a;)) 
= i?i 3 (a, c)i? 23 (6, c)A a , 6)C ((^ ® A°p)(A(x))) 

= ^#i2(a,6)i?i 3 (a,c)A ai6]C (x- ® (x")" ® (x-) ) 

= ^ J Ri 2 (a,6) J Ri 3 (a,c)A aAc ((^)' ®y - <g> (y^)")) (by Fr(x) = F L (x)) 

= ^ Rn(a, b)A a> b,c((y'j)" ® ® (ty)')) 

= ^ J Ri 2 (a,6)A aAc ((x-)' ® (x")" <8>x-) (by F R (x) = F L (x)) 

= ^ A «,6>c((^)" ® (x-) ® x-) 

= A aAc ((A°P®^)(A°f(x))). 
Remark that every "£" is a finite sum. As the same token, 

R 23 (b,c)R 13 (a,c)R 12 (a,b)A aM (F L (x)) = A aAc ((sd® A"*)(A<*(x))). (2.11) 
Hence the statement holds from the coassociativity of A op . | 

3 C*-bialgebra defined as the direct sum of Cuntz 
algebras 

We show a set of states of the C*-algebra O* in (|1.1|) which satisfies assump- 
tions in Theorem 11.41 in this section. 

3.1 C*-bialgebra (£>*, \) 

In this subsection, we recall the C*-bialgebra (0*, A^) in [13]. For n > 2, 
consider the Cuntz algebra O n [3], that is, a C*-algebra which is universally 
generated by generators si,...,s n satisfying s*Sj = Syl for i, j = 1, . . . , n 
and Y^i=i s i s i = ^ where I denotes the unit of O n . Since O n is simple, 
that is, there is no non-trivial closed two-sided ideal, any *-homomorphism 



S 



from O n to a C*-algebra is injective. If t\, . . . ,t n are elements of a unital 
C*-algebra A such that t\, . . . , t n satisfy the relations of canonical generators 
of O n , then the correspondence Sj (->• t{ for % = 1, . . . , n is uniquely extended 
to a *-embedding of O n into A from the uniqueness of O n . Therefore we 
simply call such a correspondence among generators by an embedding of O n 
into A. 

Redefine the C*-algebra in as the direct sum of the set {O n : 
n E N} of Cuntz algebras: 

= O n = {(x n ) : IKOH ->■ as n -> oo} (3.1) 

neN 

where N = {1,2,3,...} and Oi denotes the 1-dimensional C*-algebra for 

(n) (n) 

convenience. For n G N, let I n denote the unit of n and let s\ , . . . , s n 
denote canonical generators of O n where = I\. For n,m G N, define 
Pn,rn G Hom(O nm , O n <g> £> m ) by 

VVr4 s ™(?-i)+j) = ® = 1, • • • , n, j = 1, . . . , m). (3.2) 



Theorem 3.1 (Jig)/. Theorem 1.1) For the set p = {p n^ra '■ n, 771 G N} in 
i fg.ffp . define the *-homomorphism A^ /rom 0* to 0* ® 0* fry 

A^ = 0{a£° : n G N}, (3.3) 

VmM (x^On, nGN). (3.4) 

(m,l)6N 2 , ml=n 

Then (O*, A v ) is an algebraic C* -bialgebra such that /S. v (0*) CO*® 0*. 

About properties of (0*, A^), see [13j[T5]. About a generalization of (0*, A^,), 
see [Ti] , 

Let Rep0 n denote the class of all ^representations of O n ■ For m , 7r 2 G 
Rep0 n , we define the relation tti ~ 7r 2 if 7Ti and 7T2 are unitarily equivalent. 
Then the following holds. 

Lemma 3.2 (FTBj. Lemma 1.2) For ip n , m in A3.2\) . tti G Rep0 n and 7r 2 G 
Rep0 m , define iri (g)^ 7r 2 G Rep0 nm fry 

7Tl (g)^ 7T 2 = (7Tl <g> 7T 2 ) O <£ n>m . (3.5) 

TTien i/ie following holds for 7ri,7r^ G Rep0 n , vr 2 ,7r 2 G Rep0 m and tt^ G 
Rep0 z : 



9 



(i) If it i ~ 7r 1 and 7r 2 ~ vr 2 , f/ien 7Ti ©^ 7T2 ~ 71^ ©^ 7r 2 . 

(ii) 7Ti © v (7r 2 © ir' 2 ) = 7Tl ©<^ VT 2 © 7Tl ©^ 7T 2 . 
(iii) TTi ©^ (7T 2 ©^ 7T 3 ) = (7T1 ©^ 7T 2 ) ©^ 7T 3 . 

From Lemma [3721( 1) . we can define [itx] ©y, [7^] = [7Ti©^7r 2 ] where [it] denotes 
the unitary equivalence class of ir. 

Let <S n denote the set of all states of O n . For (gj,oj ) G S n x <S m , define 

ui © v u/ = (oj © u/) o 93 njm (3.6) 

where (u> © u/)(x © y) = oj(x)oj' (y) for x G O n and y G O m . Then we see 
that oj ©^ (w ©^ u; ) = (w ©^ oj ) ©^ cj . 

By identifying O n with a C*-subalgebra of 0*, any state and represen- 
tation of O n are naturally identified with those of O*. From this and the 
definition of A^, the following holds: 

7Tl ©^ 7T 2 = (m © 7T 2 ) o A^, wi ©^ w 2 = (uii © w 2 ) o A^. (3.7) 

3.2 Pure states of Cuntz algebras parametrized by unit vec- 
tors 

In this subsection, we show examples of set of states which satisfies assump- 
tions in Theorem 11.41 We recall states in [IT] and show tensor product 
formulae among them. Let S(C n ) denote the set of all unit vectors in C n 
for n > 2. 

Definition 3.3 (fTJf, Proposition 3.1) For n > 2, let s\, . . . , s n denote 
canonical generators of O n . For z = (z\, . . . , z n ) G S(C n ), define the state 
g z of O n by 

Qz (sji • • • s ja s* kb --- s* kl ) = z h --- z ja z kb --- z kl (3.8) 
for each ji, . . . , j a , k\, . . . , h G {1, . . . , n} and a,b>l. 

The following results for g z are known: For any z, g z is pure when n > 2. 
Define the state g\ of 0\ = C by g\(x) = x for each x G 0\. We define 
S^C 1 ) = {1} c C for convenience. Then g z in fj3.8[) makes sense for each 
z G \J n >i S ( cn )- If Z >V e S(C n ) and z ^ y, then GNS representations 
associated with g z and g y are not unitarily equivalent. 

Let GP(z) denote the unitary equivalence class of the GNS representa- 
tion associated with g z . If ix\ and 7r 2 are representatives of GP{z) and GP(y) 
for z G S(C n ) and y G S(C m ), respectively, then we write GP(z) ©^ GP(y) 
as [tti] ©^ [7r 2 ] for simplicity of description. 
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Theorem 3.4 (fT5jj, Theorem 3.2) For ® v in (3. 5\) , the following holds for 
each z G S{C n ) and y G S{C m ): 




where zMy G S(C nm ) is defined as 



(z B y) m (i-l)+j 



ZiVj (i = l,...,n, j = 1, ... 



m) 



(3.9) 



For z € S(C n ), let {% z ,ir z ,£l z ) denote the GNS triple associated with 
From Theorem 13. 4f ii). (W z ® H y , ir z ®^ ir y ) is irreducible for each z,y G 
Un>i <5(C ra ). From this, f2 2 <8> is a cyclic vector for ® 7r z (gi^ 7Ty). 
In consequence, 



satisfies all assumptions in Theorem 11.41 with respect to (0*, A^,). Further- 
more, if M. is a subsemigroup of the semigroup (Sq, M), then {p z : z G A^} 
also satisfies all assumptions in Theorem ll.4i Such subsemigroups are shown 
in the last paragraph of § 3 in |15| . 

3.3 Examples 

In this subsection, we show two examples of Theorem 11.41 

(i) We show a nontrivial example of Theorem 11.41 Let {s[ n ^}2 =1 denote 
the canonical generators of O n and let ^(N) denote the Hilbert space 
with the orthonormal basis {e k : k G N} where N = {1,2,3,...}. 
Define the representation ir n of O n on Z 2 (N) by 



Let uj n denote the vector state of O n associated with the unit vector 
e\. Then oj n * uj m = uj nm for each n,m > 2. We identify 7r n with the 
GNS representation of O n by uj n . Here we consider cases n = 2,3. Let 
R = R(uj2,0Jz) be as in (11.8p . Remark that 



ei <S>e 3 = (7r 2 (8)7r 3 )(A ¥ ,(4 ))(ei ®ei) = (vr 2 ® 7r 3 )(^ 2 ,3(4 ))(ei ® ex). 

(3.12) 




(3.10) 



^n(sl )e k = e n ( k _x)+i {i = l,-.. 



n, k G N). 



(3.11) 
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Then 

R{e\ <8> e 3 ) = (vr 2 ® 7r3)(^3 P 2 (4 6) ))( e i ® e 

= 7T 2 (4 )ei <g> 7T 3 (4 e l 

= ei(g)e 2 . 

In this way, i? is not the identity operator on / 2 (N) <g) Z 2 (N). 

(ii) We show an example which does not satisfy (jl.9p because of the non- 
commutativity of states. Let u> 2 and 7r 2 be as in the previous example. 
Define uJ 2 = u 2 o a where a denotes the flip automorphism of the 
canonical generators of 2 and let W 2 denote the GNS representation 
of 2 by uJ 2 which is identified with 7r 2 o a. Then u 2 -kuJ 2 7^ tJ 2 * u 2 . 
Let u = ei (8) ei. Then (7r 2 <8> 7f 2 )(A ¥ ,(s 2 4 ^))w = t>. Define the operator 
i?on/ 2 (N)®/ 2 (N) by 

R(tt 2 ®T 2 )(A v (x))v = (tt 2 ®T 2 ){A%>(x))v (x £ O4). (3.13) 

Then 

R(tt 2 (8)vf 2 )(A^(4 4) ))ii*w = ^(vra Ovf 2 )(A v (4 4) ))w = flu = v. (3.14) 
Since (vr 2 ® vf 2 )(A° p (4 4) )) = vrrf) ® ^(a^) and { V |(vr 2 (4 2) ) ® 

(21 (21 (21 

7f2(si = 0? w ^ see that t> 7^ (^2(^2 ) ® ^2(^1 Hence i2(7r2 
vf 2 )(A v (4 4) ))iT / (vr 2 7f 2 )(A° p (4 4) )). 
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